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ABSTRACT 


The  nonuniform  distributed  R-C  structure  has  received  renewed 
attention  recently.  Several  methods  have  been  used  so  far  [1,2, 3, 4]  to 
solve  the  partial  differential  equation  with  variable  coefficients,  which 
describes  the  structure  under  sinusoidal  steady  state  conditions.  The 
different  methods  have  one  feature  in  common,  namely,  all  of  them  make 
use  of  some  kind  of  transformation  of  the  variables  in  the  differential 
equation. 

In  this  thesis  a  new  transformation  (namely,  transformation  of 
the  independent  variable  x)  has  been  used.  The  main  advantage  of  this 
transformation  lies  in  the  fact  that  the  solution  of  the  transformed 
equation  can  be  obtained  very  easily  by  comparing  the  transformed  equa¬ 
tion  with  equations  whose  solutions  are  known.  Another  advantage  which 
results  is  that  several  distributed  structures  with  the  same  electrical 
behaviour  can  be  generated,  some  of  which  may  be  more  suitable  for 
fabrication.  Such  distributed  structures  are  said  to  be  equivalent. 

The  frequency  responses  of  specific  R-C  structures  with 
various  distributions  Z(x),  Y(x)  have  been  obtained. 
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CHAPTER  1 


INTRODUCTION 


1.1  Background 

For  the  past  several  years  efforts  have  been  made  to  reduce  the 
physical  size  of  electronic  devices  and  considerable  progress  has  been  made 
so  far.  This  attempt  at  miniaturization  has  given  a  great  deal  of  impetus 
to  areas  such  as  micro-electronics,  thin  film  circuitry,  etc.  One  of  the 
widely  used  miniature  devices  is  the  distributed  R-C  structure. 

One  of  the  applications  of  these  structures  is  the  null-network 
(notch  filter) »  In  1960  Kaufman  [5]  introduced  a  notch  network,  constructed 
from  a  basic  distributed  R-C  structure  and  one  lumped  resistor,  which 
produces  sharper  nulls  than  the  conventional  R-C  notch  network  realized  with 
lumped  elements. 

Another  application  of  the  R-C  distributed  structure  is  as  a  phase 
shift  oscillator.  This  has  been  analyzed  by  Edson  [6].  Here  again  it  is 
found  that  the  oscillator  with  distributed  parameters  has  a  better  perform¬ 
ance  characteristic  than  the  lumped  parameter  oscillator,  in  the  sense  that 
the  gain  requirement  is  lower  and  the  stability  is  improved. 

Hesselberth  [7]  has  shown  that  certain  configurations  of  the 
distributed  R-C  structures  can  be  used  as  a  high  pass  filter,  although  the 
characteristic  of  the  R-C  structure  is  similar  to  that  of  a  low  pass  filter. 

The  distributed  R-C  structure  also  finds  application  in  digital 
computer  logic  circuits  such  as  the  "NOR"  speedup  network  [8] . 

It  has  been  shown  by  Kaufman  and  Garrett  [9]  that  the  mathematical 
model  of  a  distributed  R-C  structure  is  a  second  order  partial  differential 
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equation  with  variable  coefficients.  Using  the  notation  in  Figure  1,1,  the 
resulting  equation  for  the  voltage  v(x,t)  is  given  by. 


i bjL  .  _L_  .  Mil  .  =  r(x)  •  c(x)  •  M 

3x2  r(x)  dx  3x  3t 


c,o  (lol) 


The  derivation  of  this  equation  is  given  in  Appendix  1,  In  a  similar  way 
the  equation  for  the  current  i(x,t)  can  be  written  as, 


3  2i  1  a  dc (x)  3  3_i 
3x2  c(x)  dx  3x 


(  \  3i 

c (x)  •  — 
3 1 


...  (1.2) 


Equations  (1.1)  and  (1,2)  can  be  solved  only  for  certain  specified  types  of 
coefficients.  This  then  means  that  an  exact  analysis  of  the  distributed 
R-C  structure  is  possible  for  only  certain  types  of  nonuniformity „ 

One  approach  that  has  been  used  by  some  researchers  is  to  assume 
that  the  product  of  r(x)  and  c(x)  is  invariant.  The  solutions  of  equations 
(1.1)  and  (1.2)  are  easily  obtained  if  this  assumption  is  made.  Su  [10,11] 
has  considered  cases  where  r(x)  and/or  c(x)  are  trigonometric  and/or  hyper¬ 
bolic  functions  of  the  space  variable  x.  Kaufman  and  Garrett  [9]  have  con¬ 
sidered  exponential  variation  of  r(x)  and  c(x). 

In  a  recent  publication  Gough  and  Gould  [1]  have  used  an  indirect 
approach  to  this  problem.  The  results  of  Gough  and  Gould  are  reproduced 
below  for  the  R-C  case. 

Let, 


£[v(x, t) ]  =  V(x,s)  ...  (1,3) 

£[~  v(x,t)]  =  sV (x, s) 


0  0  0 


(1.4) 


' 
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-  4  - 


where  JL.  is  the  Laplace  Transformation  with  respect  to  the  variable  t. 
Taking  the  Laplace  Transformation  of  both  sides  of  equation  (1.1),  we  get, 

32V(x,s)  1  dr(x)  3V(x,s)  ,  ^  N  TT/  \ 

- - •  - ^  *  -  *-■  =  r (x)  •  c (x)  •  s  •  V(x, s) 


3x^ 

we  can  write, 

r(x)  =  Z(x) 


r(x)  dx 


3x 


...  (1.5) 


and 


c(x)  =  Y(x)  , 


and 


1  dr (x)  d  ,  n  f  \ 

— TT  '  -  =  —  ’  lo§  z(x) 

r(x)  dx  dx 


...  (1.6) 


This  notation  is  being  used  to  conform  to  the  published  work  of  Gough  and 
Gould . 


Then  equation  (1.5)  becomes, 


32v(*’s)  -  [log  Z (x) ]  3V(X'S) 
3x2  dx  3x 


s  •  Z(x)  •  Y(x)  •  V(x,s) 

...  (1.7) 


For  sinusoidal  variation  of  V(x,t)  with  respect  to  t,  equation  (1.7)  becomes 
under  steady  state  conditions, 

d  -  —  [log  Z(x)]  •  —  k  •  Z(x)  •  Y(x)  •  V(x)  =  0 


dx' 


dx 


dx 


...  (1.8) 

where  k  is  the  frequency  factor  (k  =  jto)  and  log  is  the  natural  logarithm. 

The  independent  variable  x  (physical  length)  is  transformed  to  an 


electrical  length  z,  by  the  transformation, 


z  = 


x 


J  Z • Y  •  dx 


..  (1.9) 


then  equation  (1.8)  becomes, 


d2V  d  , 

7T  "  T~  (log 

dz^  dz 


Z(z).  dV 
vjY(z)  dz 


-  k  •  V  =  0 


(1.10) 


. 
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where  Z(z)  =  Z(x) |  ,  and  the  relationship  between  x  and  z  is  given  by 

x  =  f(z) 

equation  (1.9).  This  type  of  notation  will  be  used  throughout  this  thesis. 
By  means  of  another  transformation, 


V(z)  =  U(z)  •  (^)h 


...  (1.11) 


equation  (1.10)  is  reduced  to  the  form, 


dfU 

dz2 


+  [h 


dz 2 


(log 


)  -  k 


(—  log 
dz 


f  )  -  k]  U  =  0 


...  (1.12) 


which  can  be  written  as, 


d2U 

dz2 


+  [F(z)  -  k]  •  U  =  0 


...  (1.13) 


where 


F(z)  =  h 


dz2 


(log 


*  ) 
Y 


[kirr  lo8 

dz 


-  )2] 
Y  '  J 


...  (1.14) 


F(z)  is  referred  to  as  the  intermediate  function  in  [1].  Equation  (1.14)  is 
in  the  Riccati  Form  but  is  changed  into  a  second  order  linear  equation  in 
the  normal  form  by  the  transformation, 


*  =  (y} 


z.-k 


...  (1.15) 


yielding 


d2$ 

dz2 


+  F(z)  *  $  =  0 


...  (1.16) 


then 


-1 


V(z)  =  U(z)  •  $  (z) 


...  (1.17) 


-  6  - 

An  infinite  number  of  combinations  of  Z(x)  and  Y(x)  which  satisfies 
a  given  F(z)  can  be  found.  For  each  such  pair  of  Z(x)  and  Y(x),  the  voltage 
V(x,u))  can  be  found  if  the  boundary  conditions  are  known.  For  instance,  if 
F(z)  =  constant,  we  get  exponential  solutions  for  equations  (1.13)  and  (1.16); 
for  other  results  see  [1],  It  should  be  noted  that  the  crucial  step  in  this 
method  is  the  transformation  of  the  dependent  variable  V(x). 

1.2  Objectives  of  This  Study 

In  this  thesis,  a  different  method  will  be  used.  This  method  can 
be  considered  as  a  variation  of  the  method  of  Gough  and  Gould.  Only  the 
independent  variable  x  will  be  transformed.  The  dependent  variable  V(x)  will 
not  be  transformed.  It  will  be  seen  that  this  transformation  has  some 
advantages  over  the  method  of  Gough  and  Gould.  This  will  be  explained  later 
in  this  thesis.  Expressions  for  the  electrical  characteristics  such  as  the 
Z,  Y,  and  h  parameters  of  the  distributed  R-C  structure  will  also  be  derived. 
The  electrical  equivalence,  which  will  be  defined  later  in  this  thesis,  of 
two  or  more  R-C  structures  with  different  dimensions  and  distributions  will 


be  discussed. 
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CHAPTER  2 


METHOD  OF  SOLUTION 


2.1  General  Solution  of  the  Differential  Equation 

We  shall  start  with  the  basic  equation  (1.8), 


d2V 


dx 


,Z\  dv  i, 

2  "  V  )  *  - - k 

z  Z  dx 


V  =  0 


which  can  be  put  in  another  form  as, 


...  (2.1) 


\  -  (^~  log  Z)  •  -  k  •  Z  *  Y  *  V  =  0  ...  (2.2) 

dxz  dx  dx 

Z(x)  and  Y(x)  are  differentiable  in  the  closed  interval  [0,x] .  If  they 
are  undefined  at  x  =  0,  this  point  is  excluded. 

Let  us  make  the  following  transformation  of  the  independent  variable  x, 

rx 


y  = 


Z(x)  •  dx 


...  (2.3) 


o 

See  Appendix  (2)  for  the  significance  of  this  transformation.  This  trans¬ 
formation  reduces  equation  (2.2)  to  the  form, 


d2V 

dy2 


-  k(|)V  =  0 


...  (2.4) 


The  solution  of  equation  (2.4)  is  made  use  of  in  Chapter  3,  where 

Y 

equivalence  of  two  R-C  structures  which  have  the  same  —  ratio  with  respect  to 

Lj 

y  is  discussed.  It  is  worth  noting  that  while  the  entire  discussion  assumes 
that  the  elements  R  and  C  are  ideal,  the  case  of  a  lossy  dielectric  can  be 

Q 

easily  handled  by  replacing  k  in  equation  (2.1)  by  k  +  where  G  is  the 
shunt  conductance  per  unit  length.  This  of  course  assumes  both  G  and  Y  to 
have  the  same  variation  with  respect  to  the  variable  x. 
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We  shall  now  make  a  further  transformation, 


e  =  Jk 


•  y 


.  (2.5) 


in  order  to  eliminate  k  from  equation  (2.4).  This  gives, 


$-<!>■*-» 


.  (2.6) 


The  two  transformations  in  equation  (2.3)  and  (2.5)  can  be  com¬ 
bined,  if  necessary.  The  combined  transformation  is, 


0  = 


x 

JIT  •  Z  •  dx 


...  (2.7) 


The  general  solution  of  equation  (2.6)  is, 


v(e)  =  k1  p(e)  +  k2  q(e) 


...  (2.8) 


Using  the  inverse  transformation, 


x  = 


o  -Jk’Z 


de 


...  (2.9) 


we  get, 


V (x)  =  k:  p (x)  +  k2  q (x) 


..  (2.10) 


From  the  Laplace  Transformation  of  equation  (A1.3)  with  respect  to 


the  variable  t,  we  get, 


I(x,s)  =  - 


JL _  _  8V(x, s) 

Z(x)  3x 


...  (2.11) 


which  for  sinusoidal  steady  state  becomes, 


,v  g 


...  (2.12) 


-  9  - 


I(x,k) 


_1 _  .  3V(x,k) 

Z(x)  3x 


where  k  =  joo. 

Later  on  in  this  thesis,  computations  will  be  carried  out  at 
specific  values  of  00.  Consequently,  k  can  be  considered  to  be  a  constant 
in  equation  (2.12),  and  the  partial  derivatives  replaced  by  total  deriva¬ 
tives  with  respect  to  x.  Equation  (2.12)  becomes. 


I(x) 


1  .  dV (x) 

Z(x)  dx 


...  (2.13) 


Substituting  for  V(x)  from  equation  (2.10),  we  get, 

I(x)  =  -  -y  —  [k  p’(x)  +  k  q’(x)]  ...  (2.14) 

Z(x)  1  2 

where  the  values  of  the  arbitrary  constants  k1  and  k2  can  be  evaluated  if  the 

boundary  conditions  are  specified. 

We  will  conclude  this  section  by  discussing  a  few  examples. 


Example  2.1 

Let  Z(0)  =  r  ,  a  constant,  and  Y(0)  =  c  ,  a  constant.  The  ratio 


o 


o 


Y  (0) 

— 7— r-  =  c  /r  ,  a  constant.  For  this  case  the  solution  of  equation  (2.6)  is, 
Z (0 )  o'  o’ 


V(0)  =  kx  exp  ( 


—  0)  +  k9  exp  ( - 0) 

v  r  2  r  r 

NO  NO 


...  (2.15) 


By  using  the  inverse  transformation, 


r0 


x  = 


1 

o\|  K.*r 


>\[k* 


•  d0  = 


...  (2.16) 


o 


we  get,  from  equation  (2.15), 


' 
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V(x)  =  k1  exp(%fkx^c^  «  x)  +  k2  exp(-J’kr  cQ  °  x) 

which  is  the  well  known  solution  of  the  uniform  R-C  structure. 

Example  2,2 

Let 

Z(0)  =  r  (1  +  •  -4-  ) 

ro  si  k 


O  0  o 


(2,17) 


(2,18) 


and 


Y(0) 


,0,  (2 „ 19) 


or 


Y(0)  =  c  |  m  0  v -2 
z(0)  r0  ro  JIT 


(2,20) 


This  will  lead  to  the  well  known  solution  of  the  exponential  R-C  structure 
[9]  - 


V (x)  =  exp  (2-  ,  x){k1  cos  h  [  (™ 


,  ,  4kr0c0 
1  +  ~ — o-— )x] 


+  k0  sin  h 


m 


uf 


4kr  c 

i  +  — ?-£)*]} 


m 


2 


0  0  0 


(2,21) 


A  number  of  other  distributions  has  been  considered.  These  cases  are  tabu¬ 
lated  in  Table  2,1, 


2,2  Detailed  Solutions  for  Some  R-C  Structures 

In  this  section  we  will  proceed  along  the  same  lines  as  in  the 

previous  section,  with  one  difference.  The  solution  of  the  differential 

Y 

equation  (2„6)  for  the  R-C  structure  with  two  specified  —  ratios  will  be 


1  ,  I 


' 


. 


-  1.1 


Y(0)/Z(0) 

V(0) 

REMARKS 

1)  a  .(/3/0)+(8/e2) 

WHERE  a,  /3  AND  b  ARE 
CONSTANTS  (REAL  OR 
COMPLEX 

W-(/9/£),m  (C 

£2  =  4  a 

4m2 - 1  ♦  4  b 

WHITTAKER 

FUCTION  (12) 

2}  a-b202 

WHERE  a  AND  b  ARE 
CONSTANTS  (REAL  OR 
COMPLEX) 

e',/Jwja  ,  (jbfl2) 

4b  '  4 

It 

3)  a  6 q’2  -b2  02q"2 
WHERE  a  AND  b  ARE 
COMPLEX  CONSTANTS 
AND  q  IS  A  REAL 
CONSTANT 

p(1-Q)/ 2  w 

V  W  ja/2bq, 1/2 q 

( j  2  b/q  0q) 

II 

4)  cfi2"'2 

WHERE  c  IS  A  COMPLEX 
CONSTANT  /  q  IS  A  REAL 
CONSTANT 

Je  z,/2q  ) 

BESSEL 

FUCTION  (12,13) 

,,  ,2,  2  2b0  2  » 

5)  b  (a  e  -  v  ) 

WHERE  a  AND  b  ARE 
COMPLEX  CONSTANTS 

AND  v  IS  A  REAL 
CONSTANT 

Zv  [a  exp  ( jb  #) 

II 

6)  (  a  +  b#)Q 

WHERE  a  AND  b  ARE 
COMPLEX  CONSTANTS 

AND  IS  REAL 

>Ja  +  b#  Z  y 

6*2 

(a  +  b#) 
Q ♦: 
2 

1 

’  © 

b 

3*2 

2 

l 

II 

TABLE  2.1  SOLUTION  OF  EQUATION  (2.6)  FOR  DIFFERENT  [y(0)/Z(0)1 
RATIOS 


' 
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carried  out  in  some  detail. 

The  results  of  Example  2.4  will  be  used  in  the  next  section  to 
obtain  the  frequency  response  of  the  particular  R-C  structure. 

Example  2 . 3 

Let  us  assume 


a 


z(e>  -  ro  •  (-jf> 


a 


a  +  b\a+l  o  ga+1 


(2.22) 


and 


Y(0)  = 


3 


c  °  ( 
o  v 


g  +  g+l 

M*" 


)0l+l 


.  (2.23) 


we  have, 


Y(01  =  fo  o  (a  +  i  (3-g)/(a+l)  0(B-a)/(a+l) 

Z(0)  ro  °  rojk 


(2.24) 


By  using  the  inverse  transform, 


x  = 


0  Jk  Z(0) 


d0 


[2.9] 


we  get  for  the  present  choice  of  Z(0); 

1  1 


X  =  (2_ti)“+l 

ro|k 


0 


a+l 


(2.25) 


If  we  solve  equation  (2.25)  for  0  we  get. 


,r0|k  a+l 
0  =  (--—;-)  »  x 
a  +  l 


(2.26) 


Substituting  this  result  into  equation  (2.22)  and  (2.23)  we  get  after 


simplification, 
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Z(x)  =  rQ  •  x 


a 


> 


Y (x)  =  cQ 


•  x 


Let  us  define  some  relations: 


(2.27) 


v  =  (a  +  1)  /  (a  +  6  +  2) 


Y  =  (a  +  3  +  2)  /  [ 2 (a  +  1)  ] 


(2 . 28) 
(2  „  29) 


q  =  2/  (a  +  3  +  2) 


b  =  j 


a  ,  i  (3-a)/ [2(a+l) ] 


roJ~k 


o  (2  0  30) 
,  (2  o 31) 


The  solution  of  equation  (206)  with  (Y/Z)  ratio  as  given  by 
equation  (2„24)  [see  item  (4),  Table  2.1],  is 


V(0)  =  (6)  2  o  Z..[b(9Y/Y)  ] 


v 


(2 „ 32) 


where  Z„  is  a  linear  combination  of  Bessel  functions  of  order  v,  Substitut- 


v 


ing  for  6  from  equation  (2.26),  equation  (2.32)  becomes, 


V (x)  =  xV/q  Zv[j 


kroco  xl/q] 


(2.33) 


(a  +  3  +  2) 


All  arbitrary  constants  are  included  in  Zv.  This  result  agrees 
with  the  result  given  in  Mclachlan’s  book  [14]  using  a  different  approach, 


Equation  (2.33)  can  be  put  in  another  form, 


.  „V/<1  111  H  kr°C°.  ...  .  v1/(I 


2>I  kr0c0 


i/q> 


V(x)  -  x"1*  tAJv(j  -  -  "  •  X--*)  +  B  Nv(j  Y;"bU+"2  •  ')] 


(2.34) 


where  Jv  and  Nv  are  Bessel  functions  of  first  and  second  kind  respectively  of 
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order  v 


Equation  (2034)  can  be  put  in  another  form, 


v 


V (x)  =  x  4  [A  Iv( 


/q 


2s[kr0Co 
a  +  3  +  2 


0  x1^)-*-  B  kv( 


2>(kr0c0 
a  +  3  +  2 


ri/ q 


)] 


(2  o  35) 


where  I  and  kv  are  the  modified  Bessel  functions  of  first  and  second  kind 
respectively.  The  usefulness  of  equation  (2.35)  will  be  evident  from  Table 
2.2,  where  the  expressions  for  V(x)  for  specific  values  of  a  and  3  are 
tabulated.  It  is  seen  that  the  values  of  a  and  3  chosen  correspond  in 
several  cases  to  commonly  encountered  distributions  of  Z  and  Y. 

Example  2.4 

In  this  example  the  ratio  (Y/Z)  is  taken  to  be, 

Y(6)  ,  ,  b  fry 

— —  =  ( a.  +  0)  o  o  o  (2  o  36) 

z(e)  >[F 


From  item  6,  Table  2.1,  the  corresponding  solution  for  the  voltage  as  a 
function  of  0  is  given  by. 


V(8)  .=  (a  +  e)"5 

Jk 


(a  + 


b  „,(Q+2)/2 

1T6) 

(Q+2) / 2 


] 


o  o  o 


(2.37) 


where  Z  ^  is  a  linear  combination  of  Bessel  functions  of  order  l/(Q+2)„ 
Q+2 

Let 

Z(0)  =  unity.  ...  (2.38) 

From  equation  (2.9)  we  get, 


0  =  jk  • 


x 


0  0  0 


(2.39) 
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TABLE  2.2  EXPRESSIONS  FOR  THE  VOLTAGE  V(x)  FOR  DIFFERENT 
DISTRIBUTION  (EXAMPLE  2.3) 
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Substituting  in  equation  ( 2 0 3 7 )  we  get, 

V(x)  -  (a  +  bx)*5  •  Z  1  [j  it-  •  J  ...  (2.40) 

Q+2 

Table  (2.3)  gives  the  solutions  for  specific  values  of  Q. 

2.3  The  Frequency  Response  of  the 
Distributed  R-C  Structure 

In  this  section  the  solutions  derived  earlier  will  be  used  to 
obtain  the  frequency  response  of  the  R-C  structure.  It  is  well  known  that 
the  open  circuit  voltage  transfer  function  of  a  two-port  network  N  (Fig.  2.1), 
under  sinusoidal  steady  state  conditions,  is 


i  — > 

+  o - 

vl 

N 

o - 

1* 

2 

-o  + 

V2 

-0 

2* 


Fig,  2,1  Two-Port  Network 


V, 

T 
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(2.41) 


-  ° 


1  1 


where  Z 1 1  is  the  driving  point  impedance  at  port  11', 

V, 


1  o  0  q  9 


’ll 


(2.42) 
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and  Z?^  is  the  transfer  impedance  between  ports  11’  and  22', 


i 


I  6  0 


=  0 


o , ,  (2 043) 


Dutta  Roy  [15]  has  obtained  expressions  for  the  Z_,  Y,  and  ti 

parameters  for  a  distributed  R-C  structure ,  These  are  summarized  in  Appendix 
3,  The  expressions  for  will  be  used  in  this  section, 

A  specific  example  will  now  be  considered,  namely,  the  R-C  structure 
discussed  in  example  2,4,  Equation  (2,40)  which  gives  the  solution  of  voltage 
along  the  structure  can  be  put  in  the  form, 

V(x)  =  (a  +  bx)  2  Zv(r|)  , , »  (2,44) 


From  the  basic  equation  (Al,3)  (keeping  in  mind  that  Z(x)  =  r(x) 
=  1),  and  the  following  property  of  Bessel  functions, 


dZ 

v 

dx~ 


. o  o  (2,45) 


we  get  the  following  expression  for  the  current  along  the  structure, 

I (x)  =  -  {(a+bx)2  •  ^[Z^^r])  ”  Zv+i(r])]  *  n'  +  Ma+bx)  2  •  ^[Z  (r] )]} 

, ,  o  (2,46) 

Since  the  order  of  the  Bessel  function  depends  on  Q,  the  expres¬ 
sions  for  V (x)  and  I(x)  depend  on  Q, 

Following  the  steps  explained  in  Appendix  3  and  using  equations 
(2,41),  (2,44),  and  (2,46),  we  can  get  the  frequency  response  of  this  R-C 


20 


structure  for  different  values  of  a,  b,  and  Q.  The  frequency  response 
curves  for  a  number  of  different  distributions  are  plotted  in  Figures  2., 2 
through  2.6.  The  necessary  computations  were  carried  out  on  IBM  360  digital 
computer  using  Fortran  IV  language.  A  program  for  computing  Bessel  func¬ 
tions  with  complex  arguments  and  orders  was  available  only  in  Fortran  II 
language.  This  program  was  modified  by  the  writer  using  Fortran  IV 
language.  The  tables  of  the  relevant  computer  results  are  given  in  Appen¬ 
dix  4 . 

The  following  points  are  worth  noting: 

1)  The  gain  tends  to  decrease  and  the  entire  frequency  response  curves  to 
become  more  flat  as  Q  is  increased. 

2)  The  curve  corresponding  to  Q  =  -1.0  has  a  sharper  cut-off  than  the 
rest.  Such  a  distribution  can  be  used  effectively  in  a  low  pass 
filter. 

3)  For  positive  values  of  Q,  the  gain  decreases  as  "a"  increases  ("a^"  is 
the  capacitance  at  x  =  0) . 


- 


100 

FREQUENCYa. 
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FIG  2.2  FREQUENCY  RESPONSE  OF  UNIFORM  R-C  STRUCTURE, 
(Z(x)-l,  Y(x)  =  1) 


■> 


FREQUENCY  w 


-  22 


qp  N!  |  lA/  ZA  j  B°l  03 


FIG.  2.3  FREQUENCY  RESPONSE  OF  R-C  STRUCTURE  (UNIFORM 

Z(x),  AND  LINEAR  VARIATION  OF  Y(x)) 
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FIG.  2.4  FREQUENCY  RESPONSE  OF  R-C  STRUCTURE  (UNIFORM 
Z(x),  AND  PARABOLIC  VARIATION  IN  Y(x)) 
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FIG.  2.5  FREQUENCY  RESPONSE  OF  R-C  STRUCTURE,  (UNIFORM 
Z(x)  AND  HYPERBOLIC  VARIATION  OF  Y(x)) 
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FIG  2.6  EFFECT  OF  CHANGE  IN  THE  DISTRIBUTION  OF 
ON  THE  FREQUENCY  RESPONSE 


CHAPTER  3 


EQUIVALENT  DISTRIBUTED  R-C  STRUCTURES 


3.1  The  Concept  of  Equivalence 

Two  R-C  structures  N^,  and  N^,  are  considered  to  be  equivalent  if 
N  ,  and  N^,  may  be  interchanged  without  affecting  the  voltage  or  current 
associated  with  any  element  external  to  the  structures. 

If  two  R-C  structures  are  equivalent  they  cannot  be  distinguished 
by  any  measurements  performed  at  their  terminals,  since  the  measuring 
apparatus  can  be  considered  as  an  external  element.  However,  the  structures 
N  ,  and  N^,  may  be  dissimilar  internally. 

From  equation  (2.4)  it  is  easily  seen  that  structures  with  the 
same  Y  to  Z  ratio,  expressed  as  a  function  of  y,  are  equivalent  at  struc¬ 
ture  lengths  which  correspond  to  the  same  values  of  y.  The  variable  y  is 
related  to  the  distance  x  by, 

fX 


y  = 


Z(x)  dx 


(3.1) 


In  general,  the  true  lengths  of  the  structures  are  not  equal. 

This  idea  is  explained  in  Fig.  3.1.  Consider  two  structures 

N  ,  and  N  ,  with  the  following  characteristics.  The  structure  N  ,  has  a 
A  B  A 

length  L  ,,  and  impedance  (resistance)  distribution  Z  , (x) ,  and  admittance 
(capacitance)  distribution  Y  , (x) .  The  corresponding  quantities  for  the 
structure  N_  .  are  L.. ,  ,  Z^ ,  (x) ,  and  Y^.tx)  respectively.  It  will  be  assumed 

D  Jb  D  D 

that  the  two  structures  have  the  same  [Y(y)/Z(y)]  ratio.  Consequently  they 

are  equivalent  to  each  other.  The  length  of  the  common  transformed  structure 

N  is  taken  to  be  unitv  for  convenience. 

A 
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[Y(y)/Z(y)]  FIXED 


FIG.  3.1  EQUIVALENT  R-C  STRUCTURES 
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FIG.  3.2  VALUES  OF  VOLTAGES  AT  CORRESPONDING 
POINTS  IN  THE  EQUIVALENT  STRUCTURES 
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Although  the  lengths  of  N^, ,  N^,  and  are  different  in  general 
the  boundary  conditions,  namely  the  values  of  the  voltages  and  currents  at 
the  input  and  output  terminals  of  the  three  structures,  are  the  same.  But 
the  internal  distribution  of  the  voltages  and  currents  in  these  structures 
may  not  be  the  same.  However,  it  is  worth  noting  that  voltages  (currents) 
at  the  points  y, ,  x  and  x  _ ,  in  Figure  3.2  are  the  same  because  x  . , 

and  x  ,  both  map  into  y, .  The  same  is  true  for  the  points  y0 ,  x  ,,  x  , 

1  d  1  2  2  A  2  d 


Or,  in  other  words,  if  taps  are  placed  on  one  line  to  form  n-port,  taps 

placed  on  the  corresponding  points  of  the  other  line  as  determined  by 
rx 


y  = 


Z(x)  dx  make  an  equivalent  n-port. 

Next,  it  will  be  shown  that  the  total  impedance  (resistance)  of 


the  equivalent  structures  N  ,  and  N^,  are  equal,  and  that  their  total 
capacitances  are  equal. 


The  total  resistance  of  N^,  is  given  by, 


V  ■ 


la' 


ZA, (x)  dx  =  y 


y=i 


y=° 


=  unity  (hypothesis) 


...  (3.2) 


and 


V  = 


ZB, (x)  dx  =  y 


y-i 


y=o 


=  unity  (hypothesis) 


..  (3.3) 


Similarly, 


CA'  ^ 


V 


Ya, (x)  dx  = 


JA  „  (  N  dx  , 

ya(>,)  •  d7  ■  dy 


fLA  /A(y\ 

(^  ,__x)  dy 


o 


zA<y) 


...  (3.4) 


■ 
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and 


V  - 


Yb,(x)  dx  = 


J  o 


B  V*>  •  §  •  d? 


But  from  hypothesis  we  have 


...  (3.5) 


la  =  lb  =  unlty 


and 


YA(y)  YB(y)  Y(y) 
zA(y)  ZB(y^  "  Z(y) 


...  (3.6) 


.  ..  (3.7) 


It  follows  that  CAl  =  CL , . 

A  B 

The  idea  of  equivalence  which  has  been  discussed  so  far  in  relation 
to  two  structures  can  be  extended  by  considering  the  function  [Y(y)/Z(y)]  as 
a  generating  function  for  several  structures.  This  is  shown  graphically  in 
Figure  3.3.  For  the  sake  of  clarity  the  generation  of  equivalent  structures 
has  been  shown  for  a  particular  function. 


Y(y) 

Z(y) 


(a  +  b*y)^ 


...  (3.8) 


which  has  been  considered  in  section  2.2,  example  (2.4).  This  concept  is 
applicable  to  other  distributions  as  well. 

The  main  advantage  in  generating  several  equivalent  structures 
lies  in  the  fact  that  some  of  the  alternate  structures  may  be  more  suitable 
for  fabrication. 

In  the  next  section  we  will  explore  this  concept  of  equivalence 
further  by  considering  three  examples. 
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3.2  Some  Examples 
Example  3 . 1 

This  example  will  deal  with  the  following  case.  Given  a  structure 

N  ,  ,  with  specified  Z  , (x) ,  and  Y  , (x) ,  and  L  , ,  obtain  two  other  structures 
A  AAA 

N  ,  and  N  ,  which  are  equivalent  to  N  , .  The  procedure  is  shown  graphically 
-D  L;  A 

in  the  flow  chart  in  Figure  3.4. 

Let  us  assume  that, 


ZA,(x)  =  Ra,0  •  exp(m-x) 


ya.(*)  =  CA*0  *  exp(-m-x) 


...  (3.9) 
...  (3.10) 


The  relation  between  the  variable  y  and  the  variable  x  is  given  by, 


"X 


y  =  ZA,(x)  •  dx  =  Ra,q  .  —  •  [exp(m-x)  -  1]  ...  (3.11) 


By  substituting  equation  (3.11)  in  equations  (3.9)  and  (3.10)  we  get, 


ZA  "  RA0  (1  +  R 


m 


y) 


...  (3.12) 


AO 


T*  ’  °  *  to  ■ 


...  (3.13) 


where  =  ^A'0  and  CA0  '  CA'0’ 


From  equation  (3.12)  and  (3.13)  we  have, 


ZA(y)  RA0  (  m  x  2 
(1  +  - —  •  y) 


R 


AO 


YA(y)  CA0 


•  •  • 


(3.14) 


TRANSFORM 
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FIG  3.4  FLOW  CHART  OF  EXAMPLE  3.1 
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or 


R 


y  = 


A0  .  [(^wfe)1*  -  1] 


m 


'YA(^/CAO 


...  (3.15) 


It  is  worth  while  to  get  some  relationships  between  the  equivalent 
structures  N  ,  and  N  ,  .  This  can  be  obtained  by  using  the  following 

A  -D 

relations , 


rX  „  (  v  ,  RA0  rrZB(y)/RAO.%  n 

o  •dX  =  Y=—  •  V^Ao'  '1] 


(3.16) 


Differentiating  both  sides  with  respect  to  x  we  get, 


ZB’(X)  = 


AO 


R 


AO 


Zfi  I  (X)  ! 

Yb,(x)}  » 


...  (3.17) 


The  prime  indicates  differentiation  with  respect  to  x.  Equation  (3.17)  can 
be  put  in  another  form, 


ZB,(x) 


RAOCAO  tZB'(x)/YB,(x)1' 

'  [Zb,(x)/Yb,(x)]!5 


2m 


...  (3.18) 


or 


Zfi,(x)  •  Yb,(x) 


[Zfif (x)/Yb,(x)] 
[ZB, (x)/Yb, (x) ] 


2m 


=  constant 


RA ' 0  *  °A ' 0 


...  (3.19) 


Equation  (3.19)  gives  the  required  relationship  between  Z  , (x)  and  YR,(x) 


B’ 


for  N  f  to  have  the  same  electrical  behaviour  as  the  exponential  structure. 
B 


This  result  checks  with  the  result  obtained  by  Hellstrom  [16]  by  using  a 


different  transformation. 


. 


leoiriii  .al9  3inst  e,J3 
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Two  generated  structures  will  be  considered,  one  with  uniform 
resistance  [ (y ) ]  and  the  other  with  uniform  capacitance  [Yc(y)]. 

For  the  first  structure  let, 


ZB(y)  "  %  ~  RB0  V 


0 


...  (3.20) 


Using  equations  (3.14)  and  (3.20)  we  get, 


YB(y)  -  .  (!+/-•  y)"2 


AO 


...  (3.21) 


AO 


By  using  the  inverse  transform  we  have, 


.  fy-i 

^o  RB0 


dy  = 


R. 


BO 


...  (3.22) 


Substituting  equation  (3.22)  in  equation  (3.21)  we  get, 


V(X>  "  R 


rbocao 


m  •  R. 


(1  + 


AO 


R 


BO  x-2 
—  •  x) 


AO 


...  (3.23) 


Let  Y  ,  (o)  =  CL,-.,  then  equation  (3.23)  becomes, 
B  BO 


yb’(x) 

CB'0 


=  (1  + 


RB'0CB’0  s -2 

•  m  •  x) 


ra’oca'o 


...  (3.24) 


where 


^'o'Vo 


CB'0  RaI 


AO 


...  (3.25) 


For  the  second  structure  let, 


-  Cc  *  cco  *  Cc-0 


...  (3.26) 


' 
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By  using  equation  (3.14)  and  (3.26)  we  get, 


zc(y> 


'cO'  RA0 

CA0 


(1  + 


m 


R 


AO 


Using  the  inverse  transformation  we  have, 


f  y  c 


X  = 


o  CcORAO 


AO  ,,  ,  m  \  -2  , 

(1  +  - —  •  y)  •  dy 


R 


AO 


From  equation  (3.28)  it  can  be  easily  shown  that, 


,  m  x  cO  N  2 

(1  +  t; —  •  y)  =  (1  -  - —  •  m  •  x) 


R 


AO 


AO 


...  (3.27) 


...  (3.28) 


•  •  • 


(3.29) 


Substituting  equation  (3.29)  in  equation  (3.27)  we  get, 


„  ,  X  Cc'0RA,0  ,,  Cc'0  N -2 

Z  ,  (x)  =  — - -  •  (1  -  - -  •  m  •  x) 

C  ^A'A  I, 


A  O 


AO 


Let  Zc,(o)  =  Rc,0,  then  equation  (3.30)  becomes. 


Zc'(x) 

Rc'0 


-  (1  - 


Rc'0Cc'0  , -2 

m  •  x) 


ra'oca'o 


where 


Cc’0RA,0 


Rc'0  C,, 


AO 


...  (3.30) 


...  (3.31) 


...  (3.32) 


The  results  given  by  equation  (3.24)  and  (3.31)  are  identical  to  the  results 
of  Hellstrom,  referred  to  earlier. 
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The  next  step  is  the  calculation  of  the  lengths  at  which  the 
three  structures  are  equivalent.  We  know, 


?A  = 


:V 


o 


Ra,q  exp(m-x)  .  dx 


...  (3.33) 


[V  „ 

j  ^’0 

'  n 


dx 


B  ^  o 


...  (3.34) 


■i: 


‘Lc’ 

c  ,  Vo  (1  - 

o 


Rc'0Cc’0  . -2 

1  m  •  x)  •  dx 


ra'oca'o 


..  (3.35) 


For  equivalence  y  =  y  =  y  .  Therefore  by  equating  equations  (3.33)  and 

A.  jj  C 

(3.34)  we  get, 


V  =  ™ 

B  m 


RA ' o^A 1 0 

p~~  ^  [  exp  (m  .  L  )  -  1] 

kb'olb'o  a 


..  (3.36) 


Similarly,  equating  equations  (3.33)  and  (3.35)  we  get, 


L  ,  =  - 
c  m 


RA'o^A*  0 

R  r  [1  "  exp (-m  .  L  )] 
Rc’0Cc'0  A 


..  (3.37) 


Thus  equations  (3.36)  and  (3.37)  give  the  lengths  (in  terms  of  L^,)  for 

structures  N  ,  and  N  ,  respectively,  at  which  they  are  equivalent  to  the 
B  C 

exponential  structures.  These  results  check  with  Hellstrom's  results. 


Example  3 . 2 

In  this  example  we  shall  start  with  a  given  (Y/Z)  ratio  as  a 
function  of  y.  Three  equivalent  structures  N  ,  N  ,  and  N  will  be  generated. 

.D  C 


[Y  ( y )  /  Z  (y)]  R  AT  IO 
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FIG  3.3  FLOW  CHART  OF  EXAMPLE  3.2 
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In 

V 

Z  (y)  =  constant, 

A 

In 

V 

Y  (y)  =  constant, 

In 

Nc’ 

Z^(y)  =  exponential  function. 

The  corresponding  structures  N  , ,  N  , ,  and  N  ,  will  be  obtained  by  using 

A  D  C 

the  inverse  transformation  of  y  to  x.  The  flow  chart  for  this  case  is 
shown  in  Figure  3.5.  Let, 

=  a2  •  62  •  exp (2  •  8  •  y)  ...  (3.38) 

For  the  first  structure  let, 


ZA(y)  RA  RA0  Vo 
Using  equations  (3.38)  and  (3.39)  we  get, 

YA(y)  =  Rao  •  a2  *  B2  •  exp (2  •  B  •  y) 


...  (3.39) 


...  (3.40) 


By  using  the  inverse  transformation  we  get, 

ZA, (x)  =  Ra,0  ...(3.41) 

Ya,(x)  =  Ra,0  •  a2  •  B2  •  exp (2  •  B  •  RA,Q  •  x)  ...  (3.42) 
Assume  YA, (o)  =  CA,0,  then  equation  (3.42)  becomes, 


YA,(x)  =  Vo  eXp(2  '  6  *  RA’0  ’  x) 


(3.43) 


Vo  Vo 


or 


B2 


where 


f 


' 
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For  the  second  structure  let, 


YB(y)  CB  cBQ  cB,0 


...  (3.44) 


Then, 


'BO 


zR(y)  =  ■ 

B  a2  •  B2 


exp (-2  •  3  •  y) 


...  (3.45) 


By  transforming  y  to  x  using  the  inverse  transformation  we  get. 


Zg »  (x)  =  Rg f  Q  (1  +  2  •  g  •  Rgf()  •  x) 


-1 


...  (3.46) 


where 


CB’0 


ZB’(o)  Vo  a2  .  B2 


For  the  third  structure  let, 


Zc(y)  =  Rc0  exp(~3  •  y) 


.  (3.47) 


then 


Y  (y)  =  RcQ  •  a2  •  B2  •  exp(B  •  y) 


.  (3.48) 


Again  transforming  y  to  x  we  get, 


Zc’ (x)  =  Rc'0  (1  +  Rc’0  ‘  3  *  x) 


-1 


(3.49) 


V(x)  Cc’0  ^  +  Rc*0  ^  *  X^ 


...  (3.50) 


where 


Rc'0  =  Rc0  3nd  Cc’0  "  Rc’0  •  “2  •  02 


Now  we  will  be  able  to  obtain  some  relationships  between  the  three 


lengths  at  which  the  three  structures  are  equivalent.  We  have, 


AO 


yA  = 


V' 


'  o 


Vo  •  dx 


..  (3.51) 


yB  = 


:V  _ Vo _ 

o  (1  +  2  •  6  '  Vo  '  X) 


dx 


..  (3.52) 


f  L  *  R  • 

c'  _ cj_0 _ 

y°  J0  (!  +  Rc.0  *  e  *  x) 


•  dx 


.  (3.53) 


For  equivalence  =  Yg  =  Yc«  Then  by  equating  equations  (3.51)  and  (3.53) 
and  equating  equations  (3.52)  and  (3.53)  we  get, 


and 


La'  =  Vo  *  6 


Log  (1  +  Rc»0  ‘  3  •  Lc,) 


...  (3.54) 


LB'  -  2R  '  ■  6  '  1(1  +  Rc'0  •  6  •  V’2'1’ 

D  (J 


...  (3.55) 


respectively . 

While  the  distribution  [Y(y)/Z(y)]  given  in  equation  (3.38)  was 
obtained  by  letting  v  =  o  in  item  5,  Table  2.1,  it  is  interesting  to  note 
that  the  final  results  (especially  the  distributions  Z(x)  and  Y (x))  turn  out 
to  be  similar  to  the  distributions  used  by  Hellstrom  (example  3) .  It  is 
encouraging  to  note  that  the  results  obtained  by  our  procedure  agree  with 
those  obtained  by  Hellstrom. 

It  is  a  matter  of  normalization;  let  R.,^  =  R_,^  =  R  , _  =  R^,  and 

AO  B  0  c  0  0 

C  ,  =  C  ,  =  C  ,n  =  C  .  Then  Figure  3.6  represents  different  distributions 

0  B  0  c  0  u 

of  Z(x)  and  Y(x)  for  the  three  structures,  and  equations  (3.51),  (3.52), 
(3.53).  It  is  worth  noting  that  for  the  same  value  of  y  the  three  structures 


I  • 

3i  ib  :>i. 
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x  AND  y  AND  THE  CORRESPONDING  DIST¬ 
RIBUTIONS  FOR  THE  THREE  STRUCTURES 
(EXAMPLE  3.2) 
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have  the  same  (Y/Z)  ratio,  at  the  appropriate  lengths;  secondly  the  areas 
under  the  Z(x)  and  Y(x)  curves  are  equal  for  the  three  cases  since  total 
resistance  and  capacitance  for  equivalent  structures  are  equal,  as  it  is 
proved  earlier. 


Example  3 . 3 

This  example  can  be  considered  as  a  special  case  of  the  previous 
example  by  assuming  [Y(y)/Z(y)]  ratio  to  be  constant.  This  represents  a 
class  of  structures  in  which  the  impedance  function  and  admittance  function 
are  proportional  to  each  other.  Hellstrom  [17]  has  shown  that  they  are 
equivalent  to  the  uniform  structure. 

Let , 


Let , 


Let , 


Vy)  _  k> 

ZA(y)  k2 


where  kl9  k2,  k 

are  constants. 


Vy)  k  f(y) 

zB(y)  f(y) 


Vy)  k  g(v) 

zfi(y)  g(y) 


...  (3.56) 


By  following  the  procedure  used  in  the  previous  example  it  can  be  easily 
shown  that. 


Ya,(x)  Yfi,(x)  Yc,(x) 
ZA, (x)  "  Zfif (x)  "  Zc, (x) 


...  (3.52) 


The  three  lengths  are  related  to  each  other  by  the  following 


relations , 


' 
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...  (3.58) 


and 


...  (3.59) 


if  the  uniform  line  has  a  resistance  per  unit  length  =  k2 


CHAPTER  4 


CONCLUSION 


A  new  method  of  analyzing  an  R-C  distributed  structure  has  been 
presented  in  this  thesis.  The  differential  equation  with  variable  coeffi¬ 
cients  which  describes  a  distributed  R-C  structure  under  sinusoidal  steady 
state  conditions  is  solved  by  a  transformation  of  the  independent  variable 
(space  variable  x) ,  treating  the  frequency  of  the  signals  as  a  parameter, 
which  can  be  assigned  specific  values.  This  method  of  solving  the  differ¬ 
ential  equation  has  certain  advantages  over  the  method  of  Gough  and  Gould 
[1] .  The  main  advantage  of  this  transformation  lies  in  the  fact  that  the 
solution  of  the  transformed  equation  can  be  obtained  very  easily  by  com¬ 
paring  the  transformed  equation  with  equations  whose  solutions  are  known. 
Another  advantage  which  results  is  that  several  distributed  structures 
with  the  same  electrical  characteristics  can  be  generated,  some  of  which 
may  be  more  suitable  for  fabrication.  Such  distributed  structures  are 
said  to  be  equivalent. 

This  concept  of  equivalence  has  been  explored  in  some  detail 
by  considering  a  number  of  examples.  It  is  found  that  the  conclusions 
arrived  at  are  the  same  as  those  of  Hellstrom  [16]  who  used  a  different 
transformation. 

A  procedure  for  obtaining  the  frequency  response  of  a  distributed 
R-C  structure  has  been  presented.  This  computational  procedure  involving 
the  use  of  a  digital  computer  is  illustrated  for  a  few  specific  distribu¬ 
tions  Z(x)  and  Y(x).  This  procedure  becomes  very  useful  in  view  of  the 
concept  of  equivalence  mentioned  earlier.  If  the  frequency  response  of  one 
structure  is  known,  then  the  response  of  several  equivalent  structures  is 
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also  known. 

In  the  case  of  a  structure  with  uniform  resistance  and  decreasing 
capacitance  it  is  found  that  this  structure  possesses  very  sharp  cut-off 
characteristic . 

There  is  still  much  work  which  has  to  be  done  in  this  area. 

For  instance,  it  will  be  worth  while  to  investigate  the  electrical  charac¬ 
teristics  of  structures  with  different  distributions. 
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APPENDIX  1 


MATHEMATICAL  MODEL  OF  A 


A  DISTRIBUTED  R-C 
STRUCTURE 


Figure  1.1  gives  the  lumped  approximation  for  an  incremental 
length  dx  of  the  given  distributed  R-C  structure,  where  r(x)  is  the 
resistance  per  unit  length  and  c(x)  is  the  capacitance  per  unit  length. 
The  circuit  equations  are, 


v(x,t)  -  r(x)  •  Ax  •  i(x  +  Ax,t)  -  v(x  +  Ax,t)  =  0 


...  (Al.l) 

i(x,t)  -  c(x)  •  Ax  •  ^ —  i(x  +  Ax,t)  =  0 

0  L 

...  (A1.2) 

Let  Ax  tend  to  zero.  Then  equation  (Al.l)  and  equation  (A1.2)  reduce  to, 


~  -  *r(x)  •  i 

3x 


...  (A1.3) 


9i  ,  x  9v 

3?  *  -C(X)  ‘  3l 


. . .  (A1.4) 


Eliminating  i(x,t)  between  equation  (A1.3)  and  equation  (A1.4)  we  get, 


- —  r_  — — 

3x  1  r(x) 


3v 

9x 


]  -  -C(x)  . 


. ..  (A1.5) 


or 


a2v  _  1  .  drop  .  9v  =  r(x) 

3x^  r(x)  dx  3x 


c(x) 


3  v 

3t 


. ..  (A1.6) 
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The  solution  of  this  equation  gives  the  voltage  along  the  line 
as  a  function  of  x.  By  choosing  R  and  C  as  constants,  equation  (A1.6) 
becomes  the  classical  one-dimensional  linear  heat  flow  or  diffusion  equation. 


APPENDIX  2 


SIGNIFICANCE  OF  THE  INDEPENDENT 
VARIABLE  TRANSFORMATION 


The  general  form  of  a  second  order  differential  equation  with 
variable  coefficients  is, 


d2\p 


d^ 


j  2  +  p(t)  TT  +  Q(0  *  *  -  0 
dt^  dt 


...  (A2.1) 


Let  us  transform  the  independent  variable  t  to  T,  then. 


dip  _  d_^  dT_ 
dt  "  dT  dt 


d2ip  _  d2ip  ,d L  2  ,  d> 

dt2  "  dT2  dt  dT 


> 


d2T 


..  (A2.2) 


By  substituting  these  relationships  in  equation  (A2.1)  we  get, 


d2^ 

dT2 


(~V  +  [fr  +  p(t>  T1!  7^  +  Q(t) 

dt  dt2  dt  dT 


ip  =  0 


...  (A2.3) 


Let  the  coefficient  of  44  =  0, 

di 


then  equation  (A2.3) 


reduces  to, 


d2^ 

dT2 


+  Q(T) 


ip  =  0 


. . .  (A2 .4) 


Equating 


the  coefficient  of 


dip 

dT 


to  zero  gives, 


d2T 

dt2 


+  P(t) 


. ..  (A2.5) 


Equation  (A2.5)  has  a  solution,  namely, 
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T  = 


Z  “JP(T)  dT 


dx 


J  o 


...  (A2.6) 


Replacing  t  by  x,  T  by  y,  x  by  X,  and  p(x)  by  -  -j-  log  Z(A)  in  equation 

Cl  A 

(A2.6)  we  get, 


X  e  /Za  108  ZU)  dX  dA 


'X 

Z(A)  •  dX 
'  o 


...  (A2.7) 


which  is  the  same  as  equation  (2.3). 


APPENDIX  3 


THE  MATRIX  PARAMETERS  OF  THE 
DISTRIBUTED  R-C  STRUCTURE 


In  this  Appendix  we  shall  give  a  summary  of  Dutta  Roy’s  work  [15], 
We  shall  treat  the  R-C  structure  as  a  two-port  network.  By  substituting  the 
boundary  conditions  in  equation  (2.10)  and  equation  (2.14)  we  get, 

V(o)  =  k1p(o)  +  k2q(o)  =  V]  ...  (A3.1) 

V (L)  =  klP(L)  +  k2q(L)  =  V2  ...  (A3. 2) 

1  (°)  =  zJo)  '  [kiP'(°)  +  =  Ii  •••  (A3. 3) 


I(L)  =  "  zTiy  tklP,(L)  +  =  -I2 


. ..  (A3. 4) 


where  V-^ ,  V2 ,  1^,  and  I?  represent  the  amplitudes  of  steady  state  sinusoidal 
voltages  and  currents.  The  constants  k1  and  k.?  may  be  evaluated  from  any 
two  of  the  above  equations.  If  these  values  are  substituted  in  the  other 
two  equations,  we  get  a  set  of  equations  relating  V1 ,  V? ,  I3,  and  I2 .  These 
equations  can  be  used  to  obtain  the  matrix  parameters  of  the  distributed 
R-C  structure.  These  expressions  for  these  parameters  are  tabulated  in  Table 
A3.1.  For  convenience  and  brevity  the  following  notations  have  been  used  by 
Dutta  Roy, 


m1  =  p ’ (L)  •  q (o)  -  q'(L)  .  p(0) 
m2  =  p'(0)  •  q'(L)  -  q ’ (0)  •  p’(L) 
m3  =  p'(0)  •  q(0)  -  q ’ (0)  •  p(0) 


> 


. ..  (A3. 5) 
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m4  =  p'(L)  •  q (1)  -  q’(L)  •  p(L) 
m5  =  p'(0)  •  q (L)  -  q'(0)  •  p(L) 
m6  =  p (0)  •  q(L)  -  q (0)  •  p(L) 


. . .  (A3 . 5) 
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TABLE  A3.1  MATRIX  PARAMETERS 


APPENDIX  4 


COMPUTER  RESULTS 


The  numerical  computations  for  determining  the  frequency  response 
of  the  distributed  R-C  structure  with  (a  +  bx)^  as  the  [Y(x)/Z(x)]  ratio 
for  different  values  of  a,  b  and  Q  were  carried  out  on  the  IBM  360  computer. 
The  frequency  response  curves  based  on  these  computer  results  are  shown  in 
Figures  2.2  to  2.6.  The  detailed  computer  results  are  included  in  this 
Append ix. 

The  following  nomenclature  is  used: 
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